Introduction
Connes proved in [Co] that if G is a separable connected locally compact group, then VN(G) is always semidiscrete, and C*(G) is always nuclear. Thus nice approximation properties for VN(C7) or C*(G) give us no information about G in the connected case. However, for discrete groups there is an intimate relation between approximation properties for VN(G) and C*(G) and approximation properties for G. Lance proved in [Lan] that if Y is a discrete group, then C* (Y) is nuclear if and only if Y is amenable, and it was shown in [EL] that VN(r) is semidiscrete if and only if Y is amenable. By definition, a von Neumann algebra Af is semidiscrete if and only if the identity map on Af can be approximated in the point-weak * (= point-a -weak) topology by normal finite rank unital completely positive maps (cf. [EL] ). Moreover, it was shown by Choi and Effros in [CE] and by Kirchberg in [Ki 1] that a C* -algebra A is nuclear if and only if the identity map on A can be approximated in the point-norm topology by finite rank completely positive contractions. Hence nuclear C*-algebras satisfy the metric approximation property (MAP) of Grothendieck (which only requires that the identity map can be approximated in the pointnorm topology by a net of finite rank contractions, cf. [Gr] ). Since the free group on two generators F2 is not amenable, C*(F2) is not nuclear. However, as shown in [Haa 6 ], C*(F2) does have the MAP. In fact, as shown in [DH] , there is a net of finite rank complete contractions that converges point-norm to the identity.
A C*-algebra A is said to have the completely bounded approximation property (CBAP) if there is a positive number C such that the identity map on A can be approximated in the point-norm topology by a net {Ta} of finite rank completely bounded maps whose completely bounded norms are bounded by C. The infimum of all values of C for which such constants exist is denoted by A (A) . Similarly, a von Neumann algebra Af is said to have the weak * completely bounded approximation property (weak * CBAP) if there is a positive number C such that the identity map on Af can be approximated in the point-weak * topology by a net {Ta} of normal finite rank completely bounded maps whose completely bounded norms are bounded by C. The infinimum of all values of C for which such constants exist is denoted by A(Af). In both cases the infimum is attained.
In [Haa 7] , the first author gave a characterization of those discrete groups whose reduced group C* -algebras have the CBAP. Before describing this result, we recall some basic definitions and facts concerning Fourier algebras and related topics for the convenience of the reader. More details can be found in [Ey, DH and CH] . Let G be a locally compact group. The group von Neumann algebra VN(C7) of G is the von Neumann algebra generated by {1(g): g £ G}, where / is the left regular representation of G on L2(G), and C*(G), the reduced group C*-algebra of G, is the C*-algebra generated by {¡(f): f £ LX(G)}. The Fourier-Stieltjes algebra B'G) of G is the space of coefficients (n(g)Ç, n) of strongly continuous unitary representations n of G. With the norm ||M|U(C) = inf{||C||||z/||:M(g) = (;rU)C,z7)} B(G) is a Banach algebra under pointwise multiplication. The Fourier algebra A(G) of G is the closure of Cc(G)r\B(G) in B(G), where CC(G) denotes the set of continuous functions on G with compact support. The Fourier algebra is a closed ideal in B(G), and the elements of A(G) are precisely the coefficients of the regular representation. Moreover, A(G) = VN(G%. We denote the restriction of || • \\B{G) to A(G) by || • \\A^ .
A complex-valued function m on G is a multiplier for A(G) if the linear map mu(v) = uv maps A(G) into A(G). The set of multipliers of A(G) is denoted by MA(G), and if m € MA(G), then « is a bounded continuous function, and mu is a bounded operator. For u £ MA(G), let Mu denote the normal (er-weakly continuous) linear map from VN(G) to VN(G) defined by Af" = ml and let Afu denote the restriction of Afu to C*(G). Then u is said to be a completely bounded multiplier if Af" is completely bounded. The space MqA(G) of completely bounded multipliers, endowed with the norm \\u\\m0 -||Afa||c¿ , is a Banach space. Moreover, B(G) c M0A(G), and the B(G) norm dominates the MqA(G) norm on B(G). The space of completely bounded multipliers has a number of characterizations (cf. [CH, p. 508] ). One such characterization that we will make use of in § 1 is that the following conditions are equivalent:
(i) u belongs to M0A(G).
(ii) There exist bounded continuous maps P, Q: G -► %? (%? a Hilbert space) such that
(1) u(rxs) = (P(s),Q(t)) \/s,t£G.
(iii) There exist bounded maps P, Q: G -> %? (%? a Hilbert space) such that (1) holds. Moreover, if u £ M0A(G), then ||m||Mo = min{||P||00||ß||00},  where the minimum is taken over all (continuous) pairs P, Q for which (1) holds. (For a short proof of the equivalence of (i) and (ii), see [Jo] . A proof that (iii) implies (i) can be found in [Haa 7] .)
It is shown in [Le] that a locally compact group G is amenable if and only if A(G) has a bounded approximate identity. A locally compact group is said to be weakly amenable if A(G) has an approximate identity that is bounded in the MqA(G) norm, i.e., if there is a net {ua} in A(G) and a constant C such that ||ttav-t>|| -> 0 for all v £ A(G) and suchthat [ | w« 11 Afo < C for all a. The infimum (which is attained) of the constants C for which such a net exists is denoted by A(G). Amenability implies weak amenability but there are weakly amenable groups which are not amenable. For example, it is shown in [DH] that A(F2) = 1, but F2 is not amenable. Moreover, A(Sp(l, n)) = 2zz -1 for zz > 2 [CH] , so A(G) can take on any odd positive integer value. (It is not known whether A(G) can take on any other values.) Other examples of weakly amenable groups can be found in [DH, CH, Han, Sz, Va 1, Va 2] .
It is shown in [Haa 7] that if Y is a discrete group, then the following conditions are equivalent:
1. T is weakly amenable.
Q(Y) has the CBAP.
3. VN(T) has the weak * CBAP.
Moreover, if any (and hence all) of these conditions hold, then A(Y) = A(VN(T)) = A(C*(T)). It is also shown in [Haa 7] that there are discrete groups that are not weakly amenable (see Remark 2.5 below).
In this paper we study a slightly weaker property for locally compact groups. We say that a locally compact group G had the approximation property (AP) if there is a net {ua} in A(G) such that ua -> 1 in the o(MqA(G), Q(G))-topology, where Q(G) denotes the predual of M0A(G) obtained by completing LX(G) in the norm ||/||ö = sup j / f(x)u(x)dx : u £ M0A(G), \\u\\Mo < I (cf. [He] or [DH] .) In analogy with the result quoted above, we prove in §2 that for any discrete group Y, the following conditions are equivalent:
(a) T has the AP. Here the OAP is the operator space version of Grothendieck's approximation property introduced in [ER] under the name AP, and the weak * OAP is the von Neumann algebra version of the OAP introduced in [EKR] . (Definitions of these properties are given in §2.) By [Kr 3], conditions (b) and (c) are equivalent to (respectively) conditions (b' ) and (c') below: (b' ) C*(Y) has the slice map property for subspaces of the compact operators K(MT). (c') VN(T) has the slice map property for cr-weakly closed subspaces of B(%*) (Property Sa). In fact, it turns out that (b' ) is equivalent to the apparently stronger condition (b") C*(Y) has the slice map property for subspaces of any C*-algebra. On the other hand, it follows from a recent result of Kirchberg in [Ki 4], that (b') is not equivalent to (b") for arbitrary C* -algebras.
It was discovered in [Haa 7] , that although Z2 and SL(2, Z) are two weakly amenable groups, their semidirect product Z2 xp SL(2, Z) (where p is the standard action of SL(2, Z) on Z2) is not weakly amenable. In §1 we prove that the AP property is stable with respect to semidirect products, and more generally group extensions, i.e., if both a normal closed subgroup and the corresponding quotient group have the AP, then the original group also has the AP. In particular, Z2 xp SL(2, Z) is an example of a group with the AP, which is not weakly amenable. Presently, we do not know of an example of a locally compact group without the AP, but we conjecture that SX(3, Z) will fail to have the AP.
In addition to the stability result mentioned above, §1 also contains several sets of equivalent conditions for the AP. In §3 we examine the relationship between the approximation properties of a crossed product von Neumann algebra N = M ®aG and the approximation properties of Af. We first show that the approximation properties of Af are at least as strong as those of N : if N has Property So-(resp. has the weak * CBAP) then Af has Property S" (resp. has the weak * CBAP). On the other hand, if G is a discrete group without the AP, if Af = C, and if a is the trivial action of G on Af, then Af has Property Sa (and in fact is semidiscrete), but VN(G) = M®aG does not have Property Sa . Thus the best we could hope for in the converse direction is that if G has the AP and Af has Property Sa , then TV has Property Sa . This turns out to be the case. If we assume that G is weakly amenable and Af has the weak * CBAP, then it does not always follow that N has the weak * CBAP, but N does have a "two step" weak * CBAP in the sense that the identity map on TV is the limit in the point-weak * topology of a bounded net in CBa(N) (the space of normal completely bounded maps from N to N with the completely bounded norm) each of whose elements is a limit of a bounded net of finite rank operators in CBa(N). However, if we assume that G is amenable, then the weak* CBAP for Af does imply the weak * CBAP for N. This is in analogy with the known result that if G is amenable and Af is semidiscrete, then TV is semidiscrete.
1. The approximation property for groups Definition 1.1. Let G be a locally compact group. Then G is said to have the approximation property (AP) if the constant function 1 is in the cr(Afo^(G),
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Remark 1.2. The inclusion map from B(G) into M0A(G) is a contraction (cf. [DH, Corollary 1.8]) , and so the o(M0A(G), Q(G))-closure of any subset E of B(G) contains the closure of E in the P(G)-norm. Hence G has the AP if and only if 1 is in the o(M0A(G), 0(G))-closure of AC(G) in MqA(G) , where AC(G) denotes the set of functions in A(G) with compact support. Note that 1 £ A(G) if and only if G is compact, in which case AC(G) -A(G) -B(G) = M0(G) (cf. [DH, Corollary 1.8] ). Suppose A, B and C are C* -algebras. Then for any a £ A®C (where A®C denotes the spatial C*-tensor product of A and C), and for any cp £ (B®C)*, we can define a linear functional coa ^ on CB(A, B) (the space of completely bounded maps from A to B with the completedly bounded norm) by (2) (ûa,9(T) = (T®iac(a),q>), T£CB(A,B).
The right-hand side of equation (2) also makes sense if cp £ (Af®P),, where Af and R are any von Neumann algebras containing B and C respectively. We will use the notation <yaç) for the linear functional defined by (2) in this case as well. Next suppose M, N, and R are von Neumann algebras. Then for any a £ M&R and cp £ (N®R)t, we can define a linear functional on CBa(M, N) (the space of normal completely bounded maps from Af to N with the completely bounded norm) by
Note that in all cases we have that (3) IIûVpII < IMIIMISince u -> Af" and u -► AfM are isometric isomorphisms from Afo^(G) into CB(C;(G)) = CB(C;(G), C;(G)) and CPCT(VN(G)) = CPCT(VN(G), VN(G)) respectively, we can define linear functionals of the form oea,tp on MqA(G) . For example, if a G C;(G)®K (ßf) and (p £ (VN(G)®P(^))'., then aa,f is defined by oia,<p(u) = o)a,9(Mu) = (Mu®idK{^)(a), <p), u£M0A(G).
Let PAC(G) denote the set of / in AC(G) such that fdx is a probability measure, i.e., the set of / in AC(G) such that / > 0 and fG f(x) dx = 1. Since translation is an isometry in MqA(G), the map «-»/*« is a contraction in B(MqA(G)) for any / G PAC(G). Hence for any / G PAC(G) and any linear functional on MqA(G) of the form coa,<?, we can define a linear functional
U£MqA(G). It is easy to see that we always have Proof, (a) Since the linear span of {tpx <g> <p2: tpx £ AC(G) and (p2 £ B(3?)*} is norm dense in (VN(G)®P(^)),, using (4) we can reduce to the case when (p = <px <8> <p2 for some tpx £ AC(G) and tp2 £ P(X),.
Moreover, it is easy to show that in this case we have that ua, «.,/(") = (a, (f*u)(px®<p2) = (L^a), (f*u)tpx) V« G M0A(G), Let u £ MqA(G) . Then the calculations on page 510 of [CH] show that
, and define a measure p on G by dp(y) = (lsu)(y~x)dy . Then $ is norm continuous and bounded, and dp is a bounded Radon measure (since u is bounded and 5 is compact). Hence there is an element v = JG <P(y) dp(y) in A(G) such that (6) (b,v) = ¡(b,<S>(y))dp(y) \/b £ VN(G). Hence it suffices to show that the map wa,fj(u) = (Mf"u(a), cp) is in Q (G) if a £ C*(G) and <p £ BX(G). Since {1(g): g £ CC(G)} is norm dense in C*(G), we can assume that a = 1(g) for some g £ CC(G). In this case Mf»u(a) = l([f* u]g) (cf. [DH, p. 460] ). Moreover, (5) remains valid if we replace (p by g, and so by the duality between C*(G) and BX(G) we have (¿a,«.,/(")= I ([f*lsu\g)(x)q>(x)dx= ¡ u(y)h(y)dy, JG JG where h(y) = JGf(xy'x)g(x)<p(x)ls(y)A(y~x)dx.
A straightforward calculation shows that h £ LX(G), and hence ojaipj£ Q(G). (c) By (3) we can reduce to the case where a = 1(f) ® b for some f £ Lx (G) and some b £ K(ß^), and where <p = v ® y/ for some v g A(G) and some y/ £ (P(X))». Then
For discrete groups, we can improve (a) and (b) . The next lemma will be used in the proofs of Proposition 1.5 and Theorem 2.2. Lemma 1.6. Suppose that A isa C*-algebra, that M is a von Neumann algebra, and that ß? is a separable infinite dimensional Hilbert space. Let X be a closed subspace of CB (A, M) such that X = E* for some Banach space E. Let S = {oea>?: a £ (A®K(^))X and <p £ ((M®B(ßr))"){\, where oea, P is defined on X by o)a,9{T) = (T®idK{r)(a),q>), T £ X.
Then S is convex. Moreover, if S c E, then every oe £ E is of the form oi-oia,9 for some a in A®K(H) and tp in (M®B(ßT))*.
Proof. We first show that S is convex. Let J^(2) denote the direct sum of two copies of %T. Then we can identify M®B(^2)) with M2(M®B(^)) in an obvious way, and we can identify (M®B ( Now let eoaiiPl and û>fl2)P2 be elements of S, and suppose 0 < X < 1. Let a be the diagonal matrix in A®K(^^) with diagonal entries ax and a2 and let ç> be the diagonal matrix in (M®B(^2^))t with diagonal entries X<px and (1 -X)(p2 . Then ||a|| < max{||ai||, ||ût2||} < 1 and ||p|| < X\\<px\\ + (1 -X)\\tp2\\ < 1, and for any T £ CB(A, M) we have
Moreover, since %? and ^"(2) are unitarily equivalent, <ya>ç> = cOb>v for some b £ (A®K(%f))x and some y/ £ ((M®B (<%*)) t)x. Hence S is convex. Next suppose that S c E. We first claim that 5" is norm dense in the unit ball Ex of E. To see this, suppose that the claim is not true, and let co be an element of Pi that is not in the closure of S. Then since S is convex and balanced, there is a T £ E* = X such that (7) \ ( But then \(co, T)\ < \\(o\\ \\ T\\cb < 1 , which contradicts (7) and proves the claim. Let ^(oo) denote the direct sum of a countably infinite number of copies of %?. Since %? and ^(oo) are unitarily equivalent, to complete the proof of the lemma it suffices to show that every co £ E is of the form co = oea 19 for some a £ A® K(^°°x) and tp £ (M®B(^{oo)))t. We can also assume that co G Ex. So let co £ Ex . Then there is an cox £ S such that ||w -cox\\ < 2~x. Since 2(co-cox) £ Ex , there is an co2 £ S such that ||eu-&zi -2~xco2\\ < 2~2. Continuing in this fashion, we can find a sequence {o)n} in S such that If A is a C*-algebra, and %? is a separable infinite dimensional Hilbert space, a net {Ta} in CB(A) is said to converge in the stable point-norm topology (resp. in the stable point-weak topology) to T g CB(A) if r^id^^a) -» ®id/i:(^)(a) in norm (resp. weakly) for all a G A®K(%?) (cf. [ER] ). If M is a von Neumann algebra, a net {Ta} in CBa(M) is said to converge in the stable point-weak * topology to T £ CBa(M) if Ta ®idB(^)(a) -> T® idB(jr)(a) (T-weakly for all a £ M®B(^) (cf. [EKR] ). The proof of the next result is similar to the proof of Proposition 2.3 in [Kr 3], and is left to the reader. Proposition 1.7. Let M and N be von Nemann algebras, and suppose that the net {Ta} in CBa(M) converges in the stable point-weak* topology to T g CBo(M). Then Ta®idN(a)^> T®id^(a) o-weakly for all a in M®N. Remark 1.8. Let A be a C*-algebra, let Af be a von Neumann algebra, and let E -A®Mt, the (completed) operator space projective tensor product of A and Af» (cf. [BP] ). Then £ isa Banach space, and CB(A, M) -E*. Moreover, a net {Ta} in CB (A,M) converges to T in the a(CB(A, M), P)-topology if and only if for each a in A ® B(%?) (where X is a separable infinite dimensional Hilbert space) the net {Ta®idB{H)(a)} converges to T®idB^)(a) in the CT-weak topology of M®B(^) (cf. [EKR] ). Now suppose that A is contained in Af, and that {Ta} is a net in CB(A) that converges to T £ CB (A) in the stable point-norm topology. Then it follows from Lemma 1.6 (viewing {Ta} as a net CB(A, Af)) that {Ta} converges to T in the <r(CP(^, Af), E)-topology, and hence
Moreover, an argument similar to that in the proof of Proposition 2.3 in [Kr 3] shows that we can replace B(ßf) by any von Neumann algebra N. We will make use of these facts in §2.
Theorem 1.9. For any locally compact group G, the following three conditions are equivalent:
(a) G has the AP. (b) There is a net {ua} in AC(G) suchthat {MUa} converges in the stable point-weak * topology to idvN ( Then it follows from Proposition 1.3(a) and the fact that /* 1 = 1 that
and so AfUa -> idvN(G) in the stable point-weak * topology.
(a) => (c) An argument similar to that in the proof of (a) => (b) shows that idC;(G) is m the closure of {Afu : u £ AC(G)} in the stable point-weak topology. But since {Afu: u £ AC(G)} is a linear subspace of CB(A), the stable pointweak and stable point-norm closures of {Mu: u £ AC(G)} coincide (cf. [EKR] ). Hence condition (c) holds. (b) , (c) , and (d) of Theorem 1.9, we obtain three new conditions, which we denote by (b'), (d), and (d'). It follows from Remark 1.2 that (b'), (c') , and (d') are equivalent to (b) , (c) , and (d) respectively, and so (b'), (c') are equivalent to (a) and (d') is equivalent to (a) if G is discrete.
As noted in the introduction, a locally compact group G is amenable if and only if A(G) has an approximate identity that is bounded in the v4(G)-norm, and G is weakly amenable if and only if A(G) has an approximate identity that is bounded in the Afo^4(G)-norm. Our next result shows that the AP can be characterized by a "stable" approximate identity condition.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Theorem 1.11. Let G be a locally compact group, and put K -SU(2). The following three conditions are equivalent:
(a) G has the AP. (b) For every locally compact group 77, there is a net {ua} in AC(G) such that (9) \\(ua®l)v-v\\A{GxH)^0 W£A(GxH).
(c) There is a net {ua} in A(G) such that
Proof, (a) =>■ (b) Let 77 be a locally compact group. As shown in the proof of Theorem 1.6 in [DH] , if « G M0A(G), then
where we identify VN(G) ® VN (77) with VN(G x 77) in the usual way. Hence it follows from Theorem 1.9 and Proposition 1.7 that there is a net {va} in AC(G) such that (b) of Theorem 1.9, there is a net {va} in S suchthat Af"a -► idvN(G) in the stable point-weak * topology, and hence in the point-weak * topology. Since S is convex, an argument similar to that in the proof of the implication (a) => (b) of Theorem 1.11 shows that there is a net {ua} in S satisfying (14). Hence G is weakly amenable, with
For a locally compact group G, let Pi(G) denote the set of continuous positive-definite functions u on G such that u(e) = 1. Note that if u £ PX(G), then Afu is completely positive (cf. [DH, Proposition 4.2] ) and ||w|U(g) = IMIa/o = u(e) = 1. If G is amenable, then A(G) has an approximate identity {ua} such that each ua is in Pi(G)n.4(G) (cf. [Lau, Lemma 7 .2]). Moreover, if A(G) has an approximate identity {ua} such that each ua is in (.4(G))i (the unit ball of A(G) with respect to the A(G)-norm), then G is amenable (cf. [Le] ). Using these facts (and the fact that f*u£ (A(G))X if / G PAC(G) and u £ PX(G) n A(G)) the proof of Theorem 1.12 can be easily modified to give a proof of the next result. The details are left to the reader. Theorem 1.13. Let G be a locally compact group. The following conditions are equivalent:
We next discuss the stability properties of the AP. Proposition 1.14. If G is a locally compact group with the AP, then every closed subgroup of G also has the AP.
Proof. Let 77 be a closed subgroup of G, and put K = SU(2). Then since 77 x K is a closed subgroup of G x K, the restriction mapping u -> u\hxk is a contraction from A(GxK) onto A(H x K) (see the proof of Proposition 1.12 in [DH] ). Since G has the AP, it follows easily from this and Theorem 1.11 that 77 has the AP. □ 
JE
For any f £ CC(G), THf £ CC(G/H) (cf. [Re] ). In particular, THf is always bounded.
Since the modular functions of G and 77 agree on 77, we can choose a measure p on the quotient space G/77 that is invariant under the natural action of G on G/77 and satisfies the relation (16) / THf(x) dp(x) = I ( f(xh) dh dp(x) = [ f(x) dx V/ G CC(G).
JG/H JG/H JH JG
(See, e.g., Chapter 8 of [Re] .) Let / G CC(G), and let u £ M0A(H). Then (17) (udh*f)(y)= ( u(h)f(y~xh)dh Vy£G.
JH
It follows from (17) and the lemma on p. 58 of [Re] (using the fact that u is bounded) that the function udh* f is continuous on G, and hence for each x in G the function gx defined on G by gx(y) = f(y)(udh*f)(y-lx), y£G, is in CC(G). Let Uf = Oy(w). Then, using (16) and (17), we have that
for all x eG.
To show that Uf g MqA(G) , it suffices to show that there is a Hilbert space 3? and bounded continuous maps P, Q: G -► ß? such that (19) uf(y-lx) = (P(x),Q(y)) Vx,vgG. 
from which it follows easily (using the lemma on p. 58 of [Re] ) that p is continuous. Note that the estimates (20), (21) and (22) remain valid if we replace p by q and Ç by n. Hence q is also continuous. Moreover, for any x and y in G we have that
,~«, JG/hJhJh (p(x-xz) ,q(y-xz))dp(z),
where the G-invariance of p is used in the second equality. If p and q were constant on cosets, we could complete the proof by defining functions P and Q from G to L2(G/H,^) by P(x)(z) = p(x~xz) and Q(x)(z) = q(y~xz), since then P and Q satisfy equation (19). However, p and q need not be constant on cosets, so we need to make use of cross sections.
It is shown in [Ke] that there is a map p: G/H -> G which is a locally bounded Baire cross section for the quotient map tih: G -* G/H, i.e., p~l(B) is a Baire set if B is a Baire set, p(C) is relatively compact if C is compact, and %h(p(x)) = x for all x £ G/H. Let p be such a cross section, and define a Baire measure co on G by co(B) = p(p~x(B)), B a Baire set. Then if / is any nonnegative continuous function on G, fop is a Baire map on G/77, and (24) [ f(x)dco(x)= [ f(p(x))dp(x).
JG JG/H
In particular, for any y G G,
/ \\p(y-xx)\\2dco(x) = f \\p(y-xp(x))\\2dp(x).
It follows from (21) and (25) that / \\p(y-xx)\\2dco(x) < f (l j \f(y-xp(x)h)\dh] dp(x) JG JG/H \ JH / = / (l f \f(y-xxh)\dh] dp(x)
JG/H \ JH J 2 = / (l I \f(xh)\dh) dp(x),
where we used the fact that nH(p(x)) = x in the first equality, and the Ginvariance of p in the last equality. Put K(f)= I (7 \f(xh)\dh) dp(x)
JG/H \JH J and MT = L2(G,Jf, co). Then the function P:G^Mf defined by
Hence P is bounded. Moreover, for any y and z in G, IIPCv) -P(z)||2 < / (l f \f(y~lxh) -f(z~xxh)\ dh] dp(x) (26) is also valid when P is replaced by Q, \\Of(u)\\M0A{G) < K(f)\\u\\M0A(H) > and thus Of is bounded.
To show that Of is o(M0A(H), Q(H))-o(M0A(G), (2(G)) continuous, it suffices to show that (Of)* maps Q(G) into Q(77), and since (Of)* is continuous, the proof will be complete if we show that (Of)*(g) £ Q(H) for any g £ LX(G). So let g £ LX(G). Then we can define a function gf on 77 by Let / G CC(G), and put g = THf. Then it follows from (18) that Of(lH)(x) = (g*~g)(x) VxgG.
Since 77 is a closed normal subgroup of G, the function TH maps CC(G) onto CC(G/H) (cf. [Re] ). Hence
Moreover, the map TH extends to a map (still denoted by 7#) from LX(G) onto LX(G/H) such that (15) If G is amenable, and 77 is a closed normal subgroup of G, then G//7 is amenable. It is an open question whether G/77 has the AP if G has the AP. However, since free groups are weakly amenable (cf. [DH] ), and since any discrete group is the quotient of a free group, a positive answer to this question would imply that all discrete groups have the AP, which seems unlikely.
We conclude this section with a discussion of a weaker version of the AP. It is shown in [DH] that if we let X denote the completion of LX(G) with respect to the norm WfWx = sup then MA(G) = X*. Definition 1.18. Let G be a locally compact group. Then G is said to have the AP' if the function 1 is in the o(MA(G), X)-closure of A(G) in Af^(G). cp g (VN(G) ),, we can define a linear functional coa>ip on MA(G) by setting cûa,v(u) = coa<l/,(Mu), and for any / G PAC(G), we can define a linear functional coaf j on MA(G) by coa^j(u) = coa<<p(f * u). It follows easily from the proof of Proposition 1.3 that the linear functionals coa ;(¡) j are all in X, that (with the obvious definitions) coa 9 f is in X whenever 'a £ C;(G), cp £ (C;(G))*, and / G PAC(G), and that aa,f is in X whenever a £ C*r(G) and cp g (VN(G))". Proposition 1.19. Let G be a locally compact group, and consider the following conditions:
If a £ VN(G) and
(a) G has the AP'. Proof. The proofs that (a) implies (b) , (c) and (d) are similar to the proofs of the corresponding implications in Theorems 1.9 and 1.11, and are left to the reader. The proof that (d) implies (e) is the same as the proof of (4.16) in [Ey] . D Clearly the AP implies the AP'. For connected semisimple Lie groups with finite center, the AP and the AP' are equivalent. This follows by the method of proof used in [CH, Proposition 1.6 ] to show that A(G) = A'(G) for these groups. We do not know whether the AP and the AP' are equivalent in general.
The discrete case
If Af is a von Neumann algebra, we let Fa(M) denote the set of normal finite rank maps from Af to Af, and if A is a C*-algebra, we let F(A) denote the set of bounded finite rank maps from A to A. Following [ER] and [EKR] we say that a von Neumann algebra Af has the weak * operator approximation property (weak * OAP) if the identity map from Af to Af is in the stable point-weak* closure of Fa(M), and that a C*-algebra A has the operator approximation property (OAP) if the identity map from A to A is in the stable point-norm closure of F (A). We say that A has the strong operator approximation property if for any C*-algebra P there is a net {Ta} in F (A) such that Ta Slice maps can also be defined for C*-algebras by making the obvious modifications of the definitions (cf. [To] ). . Then there exist a normal *-isomorphism n from Af onto a von Neumann subalgebra N of M®M such that n(l(x)) -l(x) ® l(x) for all x in Y (cf. [St, 18.7] ). Let e be the normal conditional expectation from M®M onto N that leaves tr®tr invariant, and put p = n~x o e . For T £ Fa(M), let uT be the function defined on Y by (29) uT(x) = tr(l(x)*T(l(x))), x£Y.
It is shown in [Haa 7] that ut is in l2(Y) (and so is in A(Y)), and that
Let {Ta} be a net in Fa(M) that converges in the stable point-weak * topology to id¿f, and let ua = uja. Then since p and n are normal '-isomorphisms such that ponid\f, it follows easily from (30) and Proposition 1.7 that {MUa} also converges to idjv/ in the stable point-weak* topology. Hence G has the AP by Remark 1.10.
(
c) =>• (a) Let A = Q(Y). It is shown in [Haa 7] that for any T £ F (A), (29) again defines a function in l2(Y), and that (30) remains valid if we replace
Af"r by AfMr . Since A has the OAP, there is a net {Ta} in F (A) such that Ta -> id^ in the stable point-norm topology. Hence by Remark 1.8, for any von Neumann algebra N we have that [DH] ), C*(SL(2, Z)) has the general slice map property, and hence so does A. Thus A has the OAP. Since the OAP is preserved by extensions [Ki 5], B is an example of a C*-algebra which has the OAP but is not exact. In particular, B does not have the strong OAP.
A class of C* -algebras for which the OAP implies the general slice map property (and hence exactness) is the class of locally reflexive C* -algebras, introduced in [EH] . For completeness, we give a proof of this result, which was announced in [ER] . Remark 2.5. As noted in the introduction, we do not know of any examples of locally compact groups without the AP. It is shown in [Haa 7] that if G is a noncompact simple Lie group with finite center and real rank > 2, then G is not weakly amenable. The proof of this result is based on the following results:
(1) every such Lie group has a closed subgroup with finite center and locally isomorphic to either SL(3, R) or Sp(2, R), (2) closed subgroups of weakly amenable groups are weakly amenable, (3) if G and 77 are locally isomorphic simple Lie groups with finite center then G is weakly amenable if and only if 77 is weakly amenable, and (4) SL(3, R) and Sp(2, R) are not weakly amenable. Closed subgroups of groups with the AP have the AP (Proposition 1.14) and it is easily verified that (3) remains valid if weak amenability is replaced by the AP. Hence if both SL(3, R) and Sp(2, R) fail to have the AP, then no noncompact simple Lie group with finite center and real rank > 2 has the AP.
Also note that it follows from Theorem 2.4 that 57(3, R) fails to have the AP if and only if SL(3, Z) fails to have the AP.
Crossed products and the approximation property
Let Af be a von Neumann algebra, and let G be a locally compact group. If there is a homomorphism a from G to the group Aut(Af) of '-automorphisms of Af that is continuous with respect to the point-weak * topology on Aut(Af ), the triple (Af, G, a) is called a W*-dynamical system. If (M, G,a) is â '-dynamical system, we denote the associated crossed product von Neumann algebra by M ®aG.
The main results of this section are the following pair of theorems.
Theorem 3.1. Let (Af, G, a) be a W*-dynamical system, and let N = M®aG. with Wassermann's result in [Wa] that semidiscreteness is equivalent to injectivity for general von Neumann algebras. In the same paper Wassermann proved statement (1) in the case G = R, but his proof (cf. [Wa, p. 46] ) works without any changes for an arbitrary locally compact group G. Note that statements (1) and (2) can also be proved by making trivial modifications in the proofs of Theorem 3.1 (b) An operator valued weight from Af to iV is said to be faithful if T(x*x) = 0 =*• x = 0, and is said to be semifinite if nj is cr-weakly dense in Af. The set of faithful, normal, semifinite weights from Af to N is denoted by P(Af, N). Note that if E is convex (resp., if E is a subspace), then C(x ; E; R) (resp., S(x ; E ; R)) is the a-weak closure of {T ® idR(x) : T £ E} for all x in M®R. The proof of the next lemma is similar to the proof of Proposition 2.1 in [Kr 3], and so is left to the reader.
Lemma 3.4. Let M be a von Neumann algebra, let ^ be a separable infinite dimensional Hilbert space, and let E be a convex subset of CBa(M). Suppose that x £ C(x ; E ; B(Jf)) for all x in M®BL%). Then there is a net {T¡} in E suchthat Ti ® idB(s?x(x) -> x a-weakly for all x in M®B(X).
Before proving Theorem 3.1, we recall some basic facts about crossed products, mainly to establish notation. Let (Af, G, a) be a W/*-dynamical system. We may assume that Af (acting on M') is in standard form. Let a -► ua be the canonical unitary implementation of Aut(Af) on M* (cf. [Haa 1]), and put u(t) -uat for all t in G. Then t -* u(t) is a strongly continuous unitary representation of G on /, and at(a) = u(t)au(t)*, a£ M, t £ G.
We will identify L2(G, Mf) with M* ® L2(G) in the usual way. Let X be the 
n(a) = U*(a® l)U, a£M, where U is the unitary operator on L2(G,ß^) defined by
Note that since n is a *-isomorphism, in order to proof part (a) of Theorem 3.1 it suffices to show that if N has Property Sa for R, then zr(Af) has Property Sa for R. It is shown in [Haa 3 ] that there is a faithful normal semifinite operator valued weight T from N to n(M). When G is discrete this weight is a normal conditional expectation onto zr(Af) (cf. [Haa 3, Corollary 3.7] ) and hence n(M) has Property Sa (cf. 
Moreover, using [Haa 2, Lemma 2.3(b)] we get that (x(f)**x(f))(e)= ¡(x(f)(t))*x(f)(t)dt= ¡(f(t)l)*f(t)ldt JG JG \f(t)\2dt\l = \\f\\2l.
-a IG Hence X(f) £ nT and
Next fix a G Af and / G CC(G), and put
Jg
Hence (using [Haa 3, Theorem 3.1(c) and Haa 2, Lemma 2.3(b)]) we have that (42) Tf(n(a*a)) = T(X(f)*n(a)*n(a)X(f)) = T(p(x)*p(x)) = T(p(x* * x)) = 7c((xt * x)(e)) -n ( Í x(t)*x(t) dtj = n ^jWW(a*)f(t)aTx(a)dtS) = n [j\f(t)\W(<fa)dt) .
Since Af is the linear span of its positive elements, (40) Since N has the weak * CBAP, it has Property S" for P, and it follows from the proof of part (a) (using the fact that the net {Si} can be chosen such that ll-SilU < A(A0 for all A G A) that
Since E is convex, it follows from (48) 
Proof. The proof that S(x) £ Ñ+ for all x G (Af0)+ , and that S is a faithful, Proof. Since v(f)v(f)* = v(\f\2) and since |/|2 G L'(G) n L°°(G), it follows from Lemma 3.8 that v(f)* £ ns and that \\Sf\\cb = \\Sf(l)\\ = \\f\\j. Moreover, (b) follows immediately from (33) and Lemma 3.6 (b) . Next observe that for any t £ G we have that (50) u(f)X(t)v(f)* = v(f)v(t-J)X(t) -v(f(t-J))X(t).
Since X(t) G TV, it follows from (50) and (49) that Sf(X(t)) = S(u(f(t-J))X(t)) = S(v(f(t-J)))X(t) = [jj(s)Wxs~)ds)x(t)=[jj(s)f(s-h)ds)x(t) = v(t)X(t).
Hence for any a £ M and any t £ G, Sf(n(a)X(t)) = n(a)Sf(X(t)) = v(t)n(a)X(t). D
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Proof of Theorem 3.2. (a) Since Property Sa for R is preserved by '-isomorphisms, it suffices to show that UNU* has Property Sa for R. Since N is the cr-weakly closed linear span of {n(a)X(t): a £ M, t £ G} , UNU* is the crweakly closed linear span of {Un(a)X(t)U* : a£ M, t £ G} -{au(t)®l(t): a £ M, t £ G} (where for the last equality we used (36) and Lemma 3.6(a)). Hence UNU* c B(M")®VN(G).
For / G CC(G), let Sf v be the normal completely positive map from UMqU* to UNU* defined'by SftU(x) = USf(U*xU)U*, x £ UMqU*.
Put v -f* f. Then v £ A(G), and for all a G Af and t £ G we have that SftU(au(t) ® l(t)) = USf(U*(Un(a)X(t)U*)U)U* (51) = USf(n(a)X(t))U* = Uv(t)n(a)X(t)U* = au(t) ® v(t)l(t) = idB(^) ®Mv(au(t) ® l(t)).
Since UNU* is the cr-weakly closed linear span of {au(t) ® l(t): a £ M, t £ G} , it follows from (51) that (52) and (53) we get that (54) xGS(x;{S/if/:/GCc(G)};P) Vx£UNU*®R.
Since M has Property Sa for R, so does Afo (cf. [Kr3, Proposition 3.4 ] for the case dim(P) = oo. The case dim(P) less than infinity is trivial, because in this case any von Neumann algebra has Property Sa for R). Hence UMqU* also has Property Sa for R. Thus (55) x G S(x ; Fa(UM0U*) ; R) Vx G UM0U*®R (cf. [Kr 3, Theorem 2.8]). Let x G UNU*®R, and let / G CC(G). Then since Sft v ® id/? is cr-weakly continuous, and since the restriction of Sf tU o T to UNU* is in Fa(UNU*) whenever T £ Fa(UMoU*), it follows from (55) that (56) SftV ® idÄ(x) G S(x; Fa(UNU*) ; R). Combining (54) and (56) we get that x G S(x ; Fa(UNU*) ; R) Vx G UNU*®R, which implies (by Theorem 2.8 in [Kr 3]) that UNU* has Property Sa for R. CC(G) in L2(G), Lemma (3.1) in [Ey] , and the argument in the third paragraph of the proof of Proposition 1.1 in [CH] (with AC(G) replaced by {f * f: f £ CC(G) and ||/||2 = 1}) that the net {v¡} can be chosen to be in {/*/:/ G CC(G) and ||/||2 =1}.
Hence (using Lemma 3.9), we can assume that the operators T¡ are completely positive unital maps. Then (64) ||S,|U=1 Vz'G7, and it follows from (62) that (65) ||SM|U<A(Af) Vz'g7,VAgA.
Let 3? be a separable infinite dimensional Hilbert space. Then it follows from (64) and (61) that Si ® idB(^)(x) -> x cr-weakly Vx G N®B(3?) and it follows from (65) and (63) . Thus combining Theorem 3.2(a) with Theorem 2.1 we get another proof of the fact that the semidirect product of two discrete groups with the AP has the AP. Moreover, it follows from Theorem 3.2(c) and the first author's characterization of weakly amenable discrete groups that if G is an amenable discrete group, and 77 is a weakly amenable discrete group, then HxpG is weakly amenable. On the other hand, if G = SL(2, Z), if 77 = Z2 , and if p is the natural action of SL(2, Z) on Z2 , then G is weakly amenable (with A(G) = 1), Af = VN(77) is semidiscrete, but M®aG does not have the weak* CBAP, since, as noted above, Z2 xp SL(2, Z) is not weakly amenable. Thus the "two step weak * CBAP" in Theorem 3.2(b) cannot always be replaced by the weak * CBAP in the nonamenable case, even if we assume that A(G) = 1 and that Af is semidiscrete. Note that it follows from the proof of Theorem 3.2(c) that if the net {T¡} in the proof of Theorem 3.2(b) can be chosen to be bounded, then N has the weak * CBAP. Hence we can not always choose this net to be bounded, even though the net {S¡} is always bounded.
